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r^ ' Abstract. We consider a one dimensional ferromagnetic Ising spin system 

^^ . with interactions that correspond to a 1/r'^ long range perturbation of the 

C^ ' usual Kac model. We apply a coarse graining procedure widely used for 

higher-dimensional finite range Kac potentials to describe the basic proper- 
tics of the system and the relation with the mean field theory. 
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1. Introduction 



We consider a one dimensional Ising spin system on Z interacting by a long 
range perturbation of the usual Kac model. More precisely, for a small positive 

CN ■ parameter 7, the coupling J{r) between spins at distance r is given by 7 if 

'^ \r\ < (27)"^, and by A/r^ otherwise, where A > is fixed. Applying the 

perturbative scheme around the mean field developed in for finite range 
Kac potentials in dimensions d > 2 (see also |T^) and following the notion of 
contours introduced by Frohlich and Spencer in |T^ as implemented in |p, we 

Q . study basic properties of this model for small but finite 7. 

O ! The main properties of percolation and phase transitions for one- dimensional 

ferromagnetic models with long range interactions have been established in the 
seminal papers [pi|, [H , [Q. Particularly relevant are the results obtained in 



^ . IJTOl, [U, and [|11||, where the role of long and short range components of the 

interactions has been singled out. When r^J{r) — )■ A G (0, 00) as r — ;■ 00, 
they establish the existence of phase transition, prove the discontinuity of the 
magnetization at the critical point Pc (the so called Thouless effect) and (among 
other things) determine the limiting value of Pc when a short range interaction. 



say J(l), tends to infinity. For some related more recent results see e.g. [|12], |13 



Our model belongs to this class, except that the strong short range interaction 
is replaced by the standard finite Kac potential that in the limit 7 — ?■ gives 
the mean field model with spontaneous magnetization 

m^ = tanh /3m^ 

for 13 >1. 

The existence of a finite bound for Pdl, A), uniform in 7 for 7 small follows 
by putting together the results of |1^ for one-dimensional independent site- 



bond percolation and the inequalities between percolation and Ising models, 

obtained in [|T| through the Fortuin-Kasteleyn representation (|^). Instead, 

we will exploit a coarse graining procedure (widely used to study finite range 
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Kac systems) to get not only a direct proof of this bound, but also a detailed 
description of the typical configurations. This approach allows to display the 
relations with the mean field theory. We show the existence of /3(A) so that for 
all 7 sufficiently small: 
a)/3,(7,A)<;g(A). 

b) For all /3 > /3(A), the magnetization under the extremal Gibbs measure with 
+ 1 (—1) external condition is close to the mean field value ?7i^ ("""^z? resp.). 

c) For all /3 > /3(A) and external conditions cf. Definition p.l| , or still as 
in b) above, the typical configurations exhibit large intervals (of length > 
exp ( ini/ )) with magnetization close to +m^ or — m^ interrupted by fiuc- 

tuations of the opposite sign of order 0(7"^). 

We believe that with a proper implementation of the multiscale approach 
introduced by [jTT|, the upper bound /3(A) might be improved and that the 



spontaneous magnetization should stay close to the mean field value for any 
/3 > /3c(7, A). Nevertheless, it is not clear if the method can be suitably applied 
to our case. Dealing with coarse grained configurations imposes difficulties in 
the treatment of Peierls type estimates, and the contour methods implemented 
here do not provide an optimal result. 

2. The model 

We consider a spin system on Z: z G Z a{i) G Si := { — 1, +!}• Given a E Sf 
and A C Z finite, the model on Sa '■= S^ is defined by the Hamiltonian 

HA{aA\a) = -l J2 M\t - j\Mt)aij) - J^ U\^-J\M^MJ), (2-1) 



with 
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m-j\) := 7l[|.-.|<.-/2l + A%^^ 

r J \ 



where A = A7, 



^(j(o) + AJ«)(^(,_^-)), (2.2) 



J(°n0 = l[M<i/2] and J(i)(r) = ll[|,|>i/2], (2.3) 



and 1a stands for the indicator function of the set A. The parameter (27)"^, 
which gives (in microscopic scale) the range of the basic short range mean 
field interaction, is a positive even integer assumed to be large throughout. 
The Gibbs measure at inverse temperature /3 on the finite volume A and with 
external condition a is given by 



fJ'A,l3,-f[0'A\0') 



g-/3ffA(<TA|(T) 



where 

To avoid heavy notation we usually omit the parameter A that appears in (|2.2| ). 
Sometimes, whenever no confusion is added, we also omit 7 or the inverse 
temperature /3 from the notation. 

In this paper, we shall always work in the so-called mean-field phase transition 
region for J^^\ i.e., we assume /9 > 1 throughout. Let m^ denote the mean field 
value of the magnetization at temperature 1/(3, i.e., the positive solution of the 
mean field equation: 

m^ = tanh(/3m^). (2.4) 

Given 6 > we write (3{b) for the unique value of (3 that solves 

/3ml = 6, (2.5) 

with m^ the non-zero solution of (|2.4|) , 
In this context, we have: 

Theorem 2.1. There exists b (independent of \,^) so that the following holds: 
a) For any A > we can find 70(A) > so that for any 7 < 70(A), the 
system with parameters 7, A exhibits phase transition and the critical inverse 
temperature /3c(7, A) satisfies 

Ml,X)<m\)=:l3iX). (2.6) 

b)Ifl3>P{X), then 

^^^o^ti^^o) = mp (2.7) 

where fit := \im\_^z fJ'A,i3,'y{'\ +i) with +1 denoting the configurations aj = +1 
for all j and, as usual, fi{f) denotes the integral of f with respect to fi. 

Remark. The notion of criticality is the standard one, marking the transition 
from uniqueness to multiple infinite volume Gibbs measures. The classical 
Dobrushin uniqueness condition (see 0) tells that (1 + 4A7)~^ < f3c{'y, A). 

Taking into account the result in |jl[ where it is shown that if limr_^oo r^J{r) = A 
exists, with < A < 00, then the following dichotomy hold^: fi'^Jcro) = 

or /it (cTo) > (2/3A)~"'^/^, we have at once that b > 1/2. It would be very 
interesting to extend the analysis to all values of /3 larger than /3(1/(2A)), but 
our techniques do not allow this for the moment. (Our proof works for any 
b > 7.) We should also notice that in [|l|, see also [@ and [|rT|, the more general 
context of Potts models is considered. 

The plan of the paper is as follows: in section |^ we exploit a coarse graining 



procedure widely used in the study of Kac systems (see ||Tq|) to describe the 



Notational Remark. For a given interaction J(-), the Hamiltonian in (2.1) corresponds 
to twice that in [0, |ll|. 



configurations in terms of {—1,0, l}-valued spin variables, and state our main 
tlieorem in tliis context. In section ^ we extend to our case tfie notion of 
contours introduced in |]10|, but we follow the implementation given in [0, 



that is better suited to control the contributions of the zero components of 
these new spins. In section ^ we prove the upper bound for /3c(7, A) via a 
Peierls argument. In section |^ we prove the free-energy estimates necessary to 
implement the Peierls argument. 

3. Coarse graining 

In the sequel we will introduce three new scales, £o < i- < i+, where io, i-/io 
and i+/i- are positive integers, all tending to oo as 7 — )■ 0. We also assume 

4 := ^07-1 « £„ := 5„7"i « (27)-^ « i+ := 5+7"^ (3.8) 

For our proof to work 6o,S-,6j^ should satisfy some relations; an example is 
given in ( |6.30| ). 

Notation. For B d X finite, \B\ denotes its cardinality. For any x G d.^'L, 
where * stands for 0, — or +, we write C* = [x, x + £*) Pi Z, also called £*-blocks 
in the sequel.0 We also set 



^'*(^5^) = ^5Z^W' ^^'^' (3.9) 

where now * stands for or — . Thus m^*{x]a) takes values in { — 1,-1 + 

_2_ 



2 1} =: M,. We call M,,a := TWl"^"'*^' 



For any configuration a E S^we now define the coarse-grained variables ?7a = 
(?7'^(x,(j): C^ C A). The variable ri'^{x,a) provides information on how close 
the averages m~{-,a) are to the non-zero solutions of the mean field equation 
±r?T,^, over the £+-block C^. They depend also on a parameter ip related to the 
accuracy, and which will be thought as suitably small in comparison with ?n^. 

-1, if supj^g^+n^_^ \m^'{y; (t) + mp\ < i/j, 
+1, if sup^g^+n^_2|m^"(|/;a) -m/3| <^, (3.10) 

,^ 0, otherwise, 
where we take ip = jr {rriiiY fo^ ^ large. 



r/^(x,a) 



^*-block may also refer to any interval that is measurable with respect to the partition 
generated by the {C*}, also called ^*-measurable interval. 



Remark. The parameter ip is fixed in the proof below, and therefore sometimes 
omitted in the notation. On the other hand, a careful examination of the 
estimates shows that one can indeed make ip = ip{'~f) tend to zero with 7. 

Definition 3.1. We set 

Since we will describe the system in terms of the r] variables, it is convenient 
to take A as an £+-measurable interval (i.e. A = [h, /c)nZ for h,k & £+Z, h < k). 
For notational convenience we also take it centered at in the statement below. 
Our main theorem is: 

Theorem 3.2. Let i_ = (5_/7,£+ = 5+/7 with (5_,(5+ chosen as in ( |6.30| ). 
There exists a positive constant b such that if /3{X) is defined as the solution of 
\(5mi = b, then for any (3 > f3{X), there exists 70 = 7o(/3, A) positive so that 
for all 7 < 7o and all a G S^ : 

/iA(r/^(0) ^ l|a) < e-^'^"^''- (3.11) 

/^A(r/^(0) = -l|a) < e-^''^-\ (3.12) 

for some c^ > and J > both depending (5 (J is the function given in ^6.4di )- 
The same hold when a = +1, provided |A| > exp (2/7). 



The statements in Theorem ^]2] for a G 5"*" are proven at the end of section 
H and the extension to a = +1 is proven at the end of section p. 



Remark. Theorem 2.1 follows at once from Theorem 3.2. 



4. Proof of Theorem 3.2 



The proof of Theorem p.2| is obtained by a Peierls contour argument. We first 
consider the case of a G iS"*", and at the end we discuss how to adapt the 
estimates to the case when a = +1. 



4.1. Triangles and rectangles. Given any external configuration a G iS"*", we 
associate to each coarse grained configuration ?7a in the volume A a configuration 
of "triangles" and "rectangles" , whose definition is a natural extension of the 
one given in [Q. The triangles arise from a geometric procedure (in a plane 
containing our one-dimensional system) to determine the connection between 
two interface points, marking a plus or a minus region. (This is also analogous 
to what happens for usual contours in dimension d > 2, where the "natural" 
definition of connection is also appropriate to describe energy fluctuations.) 
We start by setting variables Q{h) which work as "phase indicators" on the 
coarse grained lattice. For h G f+Z \ A, set r]{h) = rj^h, a) = +1 and then 



define ioi hei+ZnA 

( -1, if r]{h - £+) = r]{h) = r]{h + £+) = -1 
Q{h)=l +1, a ri{h - £+) = r]{h) = ri{h + i+) = +1 
I 0, otlierwise. 

An £+-nieasurabIe interval [h,k) is called "almost positive" if 

e{h) = e{k - i+) = +1 and e{i) ^ -IVz G i+Z, h<i<k-i+. 

Notice that O(-) = is allowed inside an almost positive interval; in particular 
the magnetization over such an interval might be negative. Almost negative 
intervals are defined analogously. 

Definition 4.1 (rectangles). The rectangles, denoted by the letter Q, are de- 
fined as the I j^ -measurable intervals that correspond to maximal (non-null) runs 
of i+-blocks where 9 = 0. 

Remark. A rectangle of size less than 3£+ can occur only as a set of two 
consecutive £+-blocks with r/ = — 1 in one block, and r/ = +1 in the other one. 
An isolated h for which Q{h) = is not possible. 

Therefore, a configuration 6 can be regarded as a sequence of maximal "almost 
positive" and "almost negative" intervals separated by some special rectangles 
that mark the transition from an interval with a given sign to the next one 
of opposite sign; such rectangles are then called interface intervals. Each 0- 
configuration will be represented in terms of "triangles" and "rectangles" , the 
correspondence being bijective once the boundary conditions are fixed. As in 



T0| and [|5[, our construction is based on suitably coupling together pairs of 
interface points. To this end we will use the criterion of minimal distance, 
which is made geometrically intuitive through a graphical representation where 
each spin configuration is mapped into a set of triangles and rectangles. The 
endpoints of the triangles will be pairs of suitable coupled interface points. 

The precise location of an interface point is immaterial; for convenience we 
choose, for each i G Z, a point r{i) in each interval [i, i+l/lOO] with the property 
that for any four distinct integers ij, j = 1, ..,4, |r(ii) — r(i2)| 7^ ^(^s) ~ ''^ih)\- 
This choice is done once for all. If [h, k) is an interface interval, the points r^ 
and Tk are defined as the corresponding interface points, and considered to be 
paired in the the following construction. 

The construction of the triangles is slightly more complicated. We start by 
attributing colors (blue and red) to each pair of interface points. For an interface 
interval [h,k): the point rt is red (blue) if 9(/i — £+) = +1(-1, respectively), 
in which case r^ will be blue (red, respectively) corresponding to the fact that 
Q{k) = — 1(+1, respectively). 

We let each interface point evolve into a trajectory of the same color, repre- 
sented in the (r, t) plane by the line r ± t or t > 0. The choice between the two 
directions of the trajectory is made in such a way that each red line (blue line) 
projects its shadow on the (contiguous) almost positive (almost negative, resp.) 
interval. We have thus, unless A is almost positive (i.e. Q{h) ^ —1 for all h), a 



bunch of growing connected-lines each one emanating from an interface point. 
Red hnes ignore blue lines, and viceversa. When two lines of the same color 
collide they stop growing and the line which corresponds to the paired interface 
point (of opposite color) is also canceled. In the meantime, all the other lines 
keep growing. Our choice of the location of the interface points ensures that 
collisions occur one at a time so that the above definition is unambiguous. 

The process described above will stop in a finite time t < |A|, giving rise to 
triangles. In fact the collision of two points is represented graphically in the 
(r, t) plane by a triangle whose basis is the line joining the two interface points 
and whose sides are the two lines which meet at the time of collision. Triangles 
will be usually denoted by T. 

Definition 4.2 (Triangle). // [ri,rj] is the basis of a triangle in the above 
construction, the I j^ -measurable interval T = [i,j) fl Z zs called triangle. 

Remark. The neighboring external £_|_-blocks to the left and to the right of a 
triangle have equal 77- value, +1 or —1. This common sign is set as the sign of 
the triangle. Notice that to the left and to the right of a triangle T there are 
always at least two contiguous ^+-blocks where = 0. 

Given any a G S~^ and rjx ^ +1, we have defined the configuration and 
represented it as a collection (T, Q) = (Ti, .., T„, Qi . . . , Qm) of triangles and 
rectangles. When rj^ = +1, we have an empty configuration, hereby denoted 
by0. 

Recalling the definition of m^-{a) in ( |3.9D we may set: 

Definition 4.3 {S_{m)). For any given boundary condition a, and for any m = 

m^~{a), let S_{m]a) = (T_{m),Q{m)) denote the configuration of triangles and 
rectangles that correspond to rj^im). 

Definition 4.4 (distance). For A and B non-empty subsets of W, d{A,B) 
denotes the usual distance between the two sets. If Qi and Q2 are rectangles, 
we set D{Qi,Q2) = d{Qi,Q2)- On the other hand, if Ti and T2 are triangles, 
let D(Ti, T2) = d{e(Ti) , e(T2)) , where e(T) denotes the set of extremal points of 
the interval (in Z) which gives T. Finally, when T is triangle and Q a rectangle 
we setD{T,Q) = d{e{T),Q). 

Notice that by construction: 

D(ri,r2)>min{|ri|,|r2|}, (4.i3) 

DiQi,Q2)>i+, (4.14) 

while between a triangle T and a rectangle Q of the same configuration one of 
the two following relation holds: 

Tng = and D{T,Q) > 1 

or (4.15) 

QcT and D{T,Q) > l+. 

In words, a rectangle can be attached to a triangle only externally. 



Definition 4.5 (compatibility). A given configuration of triangles and rectan- 
gles iT,Q) (always related to £+-measurable blocks) is called compatible if for 
any couple of elements of (T, Q) ( |4.13|) ( |4.14D , ([4.15|) hold, and moreover any 
rectangle Q in this configuration satisfies \Q\/£+ > 2; moreover, when \Q\ = 2£+ 
then Q = [h,h + 2£^) for some h G £+Z with rj{h)rj{h + £+) = —1. 

In the sequel we denote by S_ = (T, Q) a set of compatible elements, and by 
the letter S a generic element of such a configuration S_. We say that two sets 
of compatible elements S_i, S_2 are compatible (and we use the notation S_i ~ 5^2^ 
if S_^ U S_2 is a compatible configuration. 

Remark ([4.13|) allows the possibility that (for compatible) Qi,Ti,T2 : Ti C T2 
or Qi C T2 (bur not viceversa). 

Definition 4.6. For the external condition a = +1 we still define the triangles 
and rectangles in A as if the boundary condition were in S'l, namely ignoring 
the interface points on the boundary. 



4.2. Contours. As before we first consider the case a G S^. 

Our aim is to apply the Peierls argument to our system. Following [|5|, for 
any given configuration S_ = (T, Q) on A, we define a partition of S_ by suitably 
grouping its "elements" (or constituents) S* [| in contours T^^\ which should be 
sufficiently separated from each other, so as to exhibit a weak dependence. This 
grouping procedure is obtained by an algorithm that creates an hierarchical 
network of connections, that at the top level identifies groups of connected 
constituents, namely the contours. 

The algorithm TZ{S_) on {S_} which associates uniquely to any (compatible) 
configuration S_ a configuration of contours T = {Tj} is the same defined in 0. 
Here we quote only its properties, before which we need the following notation: 

We denote by T{r) the smallest interval which contains all the elements of 
the contour, its right and left endpoints are denoted by x±{r). We set: 

Properties of7l{S_) 

P.O Let TZ{T,Q) = (Ti, . . . ,r„), Ti = {Tq^iQp^i, I < q < ki,l < p < mi], then 

T = {Tq^i, 1 <i < n,l < q < ki}, Q_ = {Qp^i, I <i < n,l <p < rrii}. 

P.l Contours are well separated from each other. All pairs T ^ T' verify, for a 

suitable constant w. 

DCr,T'):= min D(S, S') > toe+min {\T\\\T'\^ . (4.16) 

Condition (gl6D allows T(r) nT(r') 7^ in which case either T{T) C T{T') or 
T(r') C T(r); moreover, supposing for instance that the former case is verified. 



^We abuse language here. 

When not needed to distinguish between triangles and rectangles, we use the notation S 
to denote a generic constituent of the configuration S_. Also we slightly abuse language here. 



(in which case we call F an inner contour), then for any element S'^ G F', either 
T(F) C S'i or r(F) n ^,' = and |F|3 < \T'f. 

Remark. The constant w has to be taken large enough; in particular we need 
wmi > 10 in the statement of Proposition |4.7] . 

P.2 Independence. Let {S_^^\ ■ ■ ■ ,8}'''} be k compatible configurations (where 
fc > 1 ) of rectangles and triangles; 71{S}^') = {F^ , j = 1, . . . ,nj} the contours 
of the configurations S}'^' . If any two distinct F^ and T^, satisfy P.l, 

It was proved in |]5[ that not only P.O, P.l and P.2 can be actually implemented 
by some algorithm 7^, but that such algorithm is unique and therefore there 
is a bijection between (compatible) configurations of triangles and rectangles 
and the contours. It is easy to convince oneself that the above mentioned proof 
holds also for our sets {(T, Q)} when rectangles are also present, cf. section 3.1 

ofi- 

The following two propositions summarize the relevant properties of the con- 
tours: 

Proposition 4.7. Let Xr denote the event that T is a contour in the configu- 
ration r((T) on A. Then, uniformly m A, (T G S^, and for 7 small enough: 

/iA(Xrla) < JJ(e-2A/3-|'^.in(m7)e-f(i-5Ain5)) J] (e^^^'-^3^), (4.17) 
Ter Qer 



where a fs = (1 — 10/(G7m|))(l — ^/m^)^, with w as in ( ^.16| ), J and e are given 



by ^6.4(\ ) and ( \6. 38i ) respectively. In particular, if the scales are chosen as in 



§J^, then 

IiA{Xr\a) < JJe-[''''^'^(l^l^)+^(^)], (4.18) 

ser 

where hp = 2\f3m'^pai3 and 0(7) = 0(7, /3) > tends to 00 as 7 — )■ 0. 
The proof is given in the next section. 



Proposition 4.8. For all b sufficiently large, c > ln2, m > 3.- 

^ H e-''[M|5|7)]-c < 2^e-f'ln — {c-ln2) ^4_^9) 

rso 5er 

|r|=m 

Proof. If we do not distinguish between Q and T while counting the contours, 
the current entropy estimate boils down to Theorem 4.1 in Q, which relies 
only on the properties P.0-P.2 of the contours. The only difference is an extra 
combinatorial factor, since each S" G F can be a Q or a T. This amounts to 
have an extra factor 2 inside the product over S, which can be easily controlled 
if c> ln2 D 
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Remark. A careful examination of the proof of Theorem 4.1 in ||5| (see also the 
appendices E and F there) shows that the statement of previous proposition 
holds for any b such that 



J2 m'^e-^^ '"™ < — , (4.20) 

m 

where w is the parameter introduced in ( |4.16| ) and p is any number arbitrary 
small. This allows to prove our main theorem for /3 such that X/Smi > 7. 

Proof of Theorem \3.^ for a G S'^ . The definition of contours implies that 

/iA(l^(o)^i|a)<^^A(^r|cr). (4.21) 

rgo 

From this we see that the proof of ( |3.11| ) in Theorem |3.2| follows at once from 
propositions [4.7| , [4.8| . The second inequality follows similar lines. 

5. Proof of ( [4.17| ) of Proposition |0| 

To exploit the mean field limit, we need to express the Gibbs measure in terms 
of the coarse grained variables m(-) = m^°{-^(j) G A^o,a introduced in section 
^ plus an error term to be controlled if 7 is small enough. We write 



Zf^{m\o-) := ^ 

(TA : m,^0(-,o-)=m(-) 



^-lSHia\a) ^ ^-IS-y-^F^{m\m)+gA{ni\a)] 



where F/^{m\m) and Q\{m\a) are defined as follows: 

FA{m\m) := 5o Yl f^i'^i^)) (5-22) 

+ T^ E U\x - y\){m{x) - m{y)r 

' x.ye^oZnA 

+^ E J,{\x - y\){m{x) - m{y)f 

xe£oZnA,ye£()Z\A 

+^ E U\x - y\){m{y)f 

with m(x) := m^°{x; a), and //j the (limiting) mean field free energy 

ffi{m) = -^m^ - -nS{m) with 

1 + m 1 + m 1 — m 1 — m 
S{m) = In In , 'mG(— 1,1), 
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^A(m|a):=| J^ S{m{x)) + ^-^^60 Y. M^))' (5-23) 



■ cr:m,'^o ((T)=m ^ x,yeloZnA 



-P E {M\^ - 3\) - M\x - y\))a,aA\ 



xe^oZnA,?ye^oZ\A 
iGCSjeco 

where 

Notice that H-Zyllo = 1 + 0(5o) and that J'-^^ does not contribute to the mean 
field hmit, as seen at once from ( p.2|) . For any a G S^ and £ a compatible 
configuration of contours in A, we write: 

^_(r) = -2in ^ e-/J7-M^A(Hm)+eAH-)]^ (5.24) 

where ^^a© stands for set of possible profiles m^''(-) which give rise to such 
configuration of contours. Hence, 

ZA(^) = 5^e-^^"^^-® (5.25) 

r 

where the sum is over all the possible sets of compatible configurations of con- 
tours in A. 

Notation. Since o G S'^ is fixed in the derivation below and the estimates do 
not depend on its value, we omit the subscript in Ha(D in the sequel. 

The next lemmas summarize basic properties of H{r_). The first will be 
proven in the next section, and the second follows easily from the same argu- 
ments as in 1^. 

Lemma 5.1. Let {T_,Q) be a configuration in A with a unique contour Fq. 
Then, for 7 small enough: 

H{To)-Hm>W{To):= E^^+E (2A(m^ - V^)'ln(|r|7) + J - 5Aln5) 

QGro + TGro 

(5.26) 
where J and e are the same as in Proposition \^.T{ . 

Lemma 5.2. Let F U Fq be a compatible configuration of contours, then: 

H{T U Fo) - HiT) > WiTo) { 1 - -^ ] (5.27) 

vorrip J 
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Vl^(ro) the same as defined in Leninia \5J\ and w is the same constant appearing 
in ( CT) - 

Proof. The proof is based on the property P.l in the definition of contours, 
which allows to neglect the interactions between contours, when w is chosen 
sufficiently large so that wm'i is larger than 10. For the explicit estimates we 
refer to section 3.2 in H. D 



Proof of proposition \4.% If we notice that uniformly in A, cr G S^, Tq: 

Y^ -/37-iH{ruro) 
/iA(Xrola) = ^^^^ — < e-/^^~'-^E--o[^(ruro)-i/(r)]^ 



the proof of ( [4.17| ) follows from Lemma |5.2| given that the parameter w has 



been chosen as above. D 



Strategy of the proof of Lemma ^J_ 



We are assuming that there is a unique contour F. It consists in a set of 
triangles and rectangles F = {S'j}j=i_..._„. We will proceed in the estimate of 
Lemma ^]l] iteratively "removing" elements one at a time. Namely re-writing 
the l.h.s of dpI) as: 

[H{T)~Hm > [i7(F)-^(0;^(F)] (5.28) 

n 
n 



where, for any subset V C A^o,A we define: 

7 
■/3 



^(r;I^):=-^ln Yl e-^^"'[^'^(™''^)+^'^(™l'^)l, (5.29) 



and we will define in the sequel suitable choices for the sets ^(Uj<jS'.j) depending 
only on the support of Uj<jS'j, and such that -f/^(0) < -f^(0; -^(F)). 

Definition 5.3. A rectangle Q in a configuration {T_.,Q) is called "isolated 
rectangle" if D{Q,T) > £+ for any triangle T in (T, Q)- Otherwise we say that 
it is an "attached rectangle" . 

In the next section we will prove these basic estimates, namely the lower 
bound for the two types of elements S, labeled as outlined above. 
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6. Basic estimates 

Let r = {5'j}j=i^...„ be a contour, which we assume to be the only contour of 
the whole configuration in A. 

Choice of the scales. The choice of 6q, 5_, 5+ as functions of 7 is not strict, but 
we fix here some suitable values (in terms of 7) as follows: 

5o = y/^ 5_ = -^ h = l-'^'j^^r (6.30) 

In 7 ^ (In 7 ^y 

Given e > 0, the following inequalities hold for 7 sufficiently small: 

S^e > ^ (6.31) 

6.e>\\nS+ (6.32) 

5„e>-tln£o (6.33) 

"0 

6^e > 5o6+. (6.34) 

In particular, for 7 sufficiently small and for any n, n6^e > Xln{n6+). (We use 
e as in (16. 3 J 



Remark. In the following derivations, c,c',... indicate constants whose value 
is not truly important (even if depending sometimes on the parameter /3) and 
may change from place to place. 

The first basic estimate 
Following the strategy outlined in ( |5.28|) when 5*1 is an isolated rectangle and 
^(5*1) = A^o,A) the whole set of possible profiles m. Hence H(T; A^o,a) = -^(r). 

Lemma 6.1. There exist a constant do so that for any isolated rectangle Q and 
any contour T which contains Q: 

HiT) - HiT \ Q) > ^45^^^ (6.35) 

Remark 1 Let Q = [h, k) with h,k ^ £+Z fl A be an isolated rectangle. 
By definition e(j) = for any j e Q H i+Z and e{h - £+) = e{k) 7^ 0. 
Let us assume, without loss of generality that this common value is +, the 
opposite case being completely analogous. In this case the following holds for 
the 77- variables: 

7]{h - 2£+) = r]{h - i+) = 7]{h) = r]{k - £+) = r]{k) = r]{k + £+) = +1 

and \r]{i - i+) + r]{i) + r]{i + i+)\ < 2 for any i e [h,k - i+) fl i+Z, i.e., that 
there are no three consecutive C~^ blocks where 77 has the same sign. 

Remark 2 In each C^ block with r]{h) = 0, we partition the set of possible 
configurations m = m^°{-,a) as follows: 

(a) A := {m^- ■ vW = 0, sup^gc7+n£_z {\\m^-{x,a)\ -m^|) > ^} 

(b) Bh := {m^- : vW = 0, sup^^c+m^z {\\m^-{x,(r)\ -m^|) < ^}. 
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We then denote by 

ea := inf F^+{m\m) — Fc+{mj3\mj3) (6.36) 

eb := inf F(^+(m|m) — F(7+(m/3|m^). (6.37) 

Remark 3 Notice that, since the interaction energy is positive (so that 
enlarging the size of region does not lower the minimum), the free energy of 
two contiguous cubes with opposite signs of the variable r] is bigger than or 
equal to eb 

Remark 4 By the previous remarks 1,2,3 we have that the minimal free 
energy of a rectangle composed by n C"'"-blocks is at least min{ea,e6}|. In 
appendix |6.2| the following proposition will be proved: 



Proposition 6.2. Let ea,eb be defined as in the Remark 2 above. Then: 



minK^ 3 



e := 7' °^ > d^r (6.38) 

where c'a is a positive constant. 



Proof of Lemma [gj| . Notation. For m G [—1,1], {m)^ denotes the best ap- 
proximation oi m in Ai^. 

In the previous notation, i.e. writing Q = [h, k) for the isolated rectangle as 
before, we set (for any configuration m G M.o,q ) 

m{x;m) = < , ' '\ .. .„ ^ »)/>( (6.39) 

with B{Q) := {x E Q: d{x,Q^) < (i+} and 0yi(x;mAc) the function de- 
fined in Lemma |C.1| , that has the following property stated in corollary 



C.2 



\<Pa{,x) -mp\< e"'^^+ < 1/4 (6.40) 

Vx G A := {x G C+ : c/(x, [BiQ)]") > i+/3} 

where the second inequality in ( |6.40| ) follows at once from the choice of 
the scales (see ( |6.30| )) for 7 small. 

m* = mQ{m), defined as follows: 

mQ{x;m)=m {x):= i /^ ' ^^ (6.41) 

^ [ s(m^)^, it X G Q 

where 

Q:={xEQ: d{x,[QY) > U/3} 
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and s G { — 1,+1} is chosen equal to ±1 depending on the sign of the 
neighboring blocks. 



y ^-fi^~HF{m\m)+G{m\a)] 

H{T)-H{T\Q) = -|ln ^-^^^^^ ,-,,-Mn>n|^).o(».|.)i (6-42) 

P Z^me£-(r\Q°) 6 

> inf {[FA(m|m) + GA(m|d-)] - [FA(m*|m) + GA{m*\a)] 
me£{r) 

-2M,„,„. (6.43, 

By lemma |C1| and corollary |U.2| we have that: 

cS 
FA{m\Th) — Fx{'m{m)\m) > — 2cAln(5+) — 

so that: 



^(r)-^(r\g)> 

> inf {[FA(m(m)|m) + GAimla)] — [FA{m*\m) + QA{m*\a)] 

mG£{r) 

-2cAln(5+) - -—- In 4 - c^— . 



By remarks 4, Proposition |6.2| , equation ( |6.40| ) and the estimate on Qj>^{m\a) — 
QA{'m*\o') proved in appendix ^ we get: 

inf {[FA(m(m)|m) + ^A(m|^)] - [FA{m*\m) + ^A(m*|a)] > (6.44) 

TOG£(r) 

> J^4^^5_ - c^ - ^^ln4 - c'Aln(|g|7) - cSo^\Q\. 

<J<-+ -to p to 

Recalling the choice of ^o, (5_, 5+ ( |6.30| ), for 7 sufficiently small we get the result 

dm). 



Remark This proof does not exploit the hypothesis that the whole configura- 
tion consists of a single contour. It is actually true uniformly over all possible 
configurations compatible with Q. D 



The second basic estimate 

Lemma 6.3. Let us assume that T is a configuration without isolated rectangles, 
with a smallest triangle T and two attached rectangles, Qi, Qr to the left and the 



16 



right side ofT. For all such configurations the following estimate holds true: 



H{T) - H{T\[TuQ,ljQr])> 



j^Bs^,^ms_, 



6i+ ~ 61 

+ 2\imp - i;)Hn{\T\^) - c'\\n{\Qr\\Qih^) 

\Ql\ + \Qr\A 



(6.45) 



7- 



- In 4 + c) - 4cA ln((5+) - 5A In 4 - 8XK6. 



where e is given by (6.3i), 



J := lim inf F^(mA| - [m^]Ac_, +MA-, ) - F^(m^|m^) 

A— >R niA '^ 



(6.46) 



wii/i the upper index in F^ indicating the functional calculated for X = 0, A^ and 
A^ denote respectively the left (right) intervals of A'^, and c, c', K are constants. 

Proof. As in the previous proof, letting A = T U QiU Q,. we have 



H{T)-H{T\[TUQiUQr]) 

> inf {[F^{m{rn)\rno rh) + Q^lrnla)] — [Fi\{rn*{rn)\rn o rh) + Qj>^{rn*{ni)\a')]} 

m££{r) 

7|A\T| |A\T|7 

^' ^ 'ln£o-cJ — )-^-AcX\n5+, 



(3 io 

where ?7i o m is the configuration which agrees with ?7i in A and with m = 
m^o(-, a) outside A, m{m) is as in ( |6.39| ) with B{Q) replaced by B{Qi) U B{Qr) 
and 

{m(x), if a; ^ A 

-m(x), if a; gT 

(0B(Q„)(x))„ ifxGi?(Q„), n = /,r 

(sm/?)^, if X G (5n\ i?(<5«), li = ^?" 

with sm/3 = ±771^ according to the sign of the triangle. 

The estimate for the contribution of Q is left to the appendix 0. We consider 
only 



inf {F/^irnirn)\rn) — Fi^irn*irn)\rn)\ > inf {Fi\\'j'(m(m)\m) — F^\T(m*(m)\m)} 

+ inf {FT,A'={rh{m))-FTA'={m*{m))}, 
me£(r) 

where, for A, B disjoint £o-Kieasurable intervals and m G M.q,z'. 
Fa,bM = So Y1 //.Mx)) + ^ Y1 M\^-y\)im{x)-miym6.A7) 



xGAn^oZ 



27 



xGAnioi' 
yeBnioZ 
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Simple computations give the following estimates: 
inf {F/^\j-{m{m)\Th) — F/^\-r{'m*{m)\m)} > 



T \Qr\ X 1 , _„,. f T \Ql\ x .[ ~\ ^^nr^ iia^ I-.2n 



niax<^ J,——6-e> + max <^ J, — 5_e } - cAln(|Q^||Q;|7 ) 

{\Qi\ + \Qr\hc 



^0 

inf {FT^^c[m{'m) offi) — Fx^A'^i'i^* {^ o m)} (6.48) 

itp 

> X{mp-'ipfln-^-l—-5Xln4-8XK6^. 

IQrWQll 

The computations are carried out in appendix 0. D 



Proof of the statements in Theorem 3.i when a 



Having defined the contours as if ry = rj^{a) = +1, the difference in the 
basic estimates occurs when the contour reaches the boundary of A. Since the 
external a = +1 favors the appearance of rj{h) = close to the boundary, our 
previous estimates must be modified for contours F such that d{r, A'^) = 1. In 
this case (and now we make explicit the boundary conditions as subindex of 
H), the estimate in (|5.26| ) has to be modified as follows: 



H+^{To) - H+m > W+,{To) > W{To) - ^^^. (6.49) 

7 
for a suitable a(/3, A) which can be taken less than 2. Since Proposition [0| still 
holds, the contribution of the contours that contain the origin and touch the 

boundary is easily controlled, when |A| > exp ( - ). This proves the statement. 

7. Final comments. 



Of course, by the spin flip symmetry, an analogous statement to Theorem ^ 
holds if a- G S^ (and a = —1 respectively). As a consequence, and taking 
sequential limits /iA„(-|o") with a G S"^, we obtain, for /3 > /3(A), at least two 
distinct Gibbs measures. It is also known (see [§) that in the present context 
all Gibbs measures are translationally invariant. One wonders if these limits 



do not depend on the specific choice of a and coincide respectively with /x^^ of 



Theorem p.l| . Using e.g. the relativized Dobrushin criteria (see [|T5|, 0) and 
cluster expansion techniques one should be able to prove this for /3 large as in 
this paper. 

The techniques used in this paper can also be applied to slower decaying inter- 
actions (e.g. ^:2^ for a < (j^ — 1), see []5[) and boundary conditions a G 5^. 

In this case (cf. (|]|), (U)) A = A7^-" and 6^ in (^l8D tends to infinity as 
7 — )■ for any /3 > 1. Therefore the Peierls bound holds for any /3 > 1 and 7 
sufficiently small, /3c (7) — )■ 1 as 7 — )■ and the analogue of ( |2.7| ) is valid for any 
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/3 > 1. The case with boundary conditions a = +1 is not contained because 
inequahties ( |6.49|) are not vahd. 
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Appendices 



A. Estimates for Q{m\a) 
Recall ( [5.23[ ), which we write as Q{m \ a) = Q/^ (m) + Q^^ {m \ a) with 



^f (m I a) := ^ln#{aA G Sa : m^^K) = m} (A.50) 



■ (T:m,^o ((T)=m ^ x,yeioI.nA 






x&iolr\K,yio'L\h 

Lemma A.l. Let A G A be an I j^ -measurable interval. Assume thatm G <^a(1) 
and a G 5"*" . Taking 

^^^>~\-m{x), ifxeAnloZ, 
we have 

\gA{m\a) - gA{m*\(T)\ < 46o[~XK + 1] (A.51) 

for some absolute constant K . 
Lemma A. 2. Let A C A, m G ^a(O), and 



^ ^^' ' m(x), if xe An ioZ 
where m G A^o.a is an arbitrary profile. Then 

\gA{m\a) - gA{m*\cj)\ < 26o{l + -fXK) + 7(5A + 25o)\A\ (A.52) 

for K as in ( |A.51|) . 

Proof of Lemma \A.1\ Notice that g)^ {m\a) = g^ (m*\a). Also, due to the 



spin flip symmetry, the contribution to g^^ {m\a) — g^ (m*\a) corresponding 
to x,y ^ AnioZ vanishes. On the other hand, for 1 1? — j| — |x — 1/| | < io we get: 

IM'^^J) - ■M^^y)\ < max{7,5A7^}l[||^._y|_i/(2^)l<2£o] + |— ^-^l[|x-i/|>i/(27)+2^o] 

\x y\ 

for any i G C°, j G C°, x,y E ioZ. Simple computations show that 

/ V , /3[2£o+AK5o] \ 

\g, im\a) - g^ (m |a)| < - In ^ ^^^ ^ ^^ _ ^^^^^^^ ^ ^^ j < 6o[2 + AA7] 
where K is an absolute constant. D 
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Proof of Lemma \A.3{ . Let 

1 



x,yeAnioZ idco 



and 



'Ha,b{o-):= Y^ Y{J^{\i - j\) - J^{\x - y\))aiaj 



-.0 



yeSn^oZjgc'O 



We may writ 
< 



g^^\m\a)-g^^\m*\a) 



mizsupe e-/3CHAM+WAc{-o<x)) 

/^ \ '^ Z^crim^O ((T)=m* '^ 



7 / Z^o-A:m'^0(crA)=m.A 

+ — m ' 



/3 E 






< 



7 



-/3'HA,A<:(o-ocr) 



— In 2supe ^■-"."-v--'' sup e 

/^ V o" fTA:m''o((7A)=mA 



-/3WA(fT) 



sup 

CTA:m*0((jA)=m2 



,+/3WA(fT) 



<25r 



:i + 7Ai^)+7|A| 

Trivial computations and Stirling formula give 

\Ql\m\a) - Gl\m*\a)\ < 5A7|A|. 



D 



B. Proof of Proposition IO 



Proof of the proposition [g^^. Recalling the definitions ( |6.36| ), ( |6.37D , we will 
prove that: 

ea > c'piJ^S. (B.53) 

eb > -ml5- (B.54) 



where c'a is a positive constant. Once this is proven, and since ip is chosen as 
indicated right after ( p.lO|) , we get ( p.38|) . 



We first prove (p.54| ). Hence we are assuming that ri{h) = and: 

\\m^-{z)\-m^\<i/j \/zec+ne_z. 



a o (T denotes the configuration that agrees with a in A and with a outside A. 
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Recalling ( |5.22| ) and writing m^x) for m^°{x), we have: 



Fc+{m\m) - Fc+{m^\mp) > y $^ {m{x) - m{y)fliiSo, 



x-5oy\<l/2] 



x,y&C+n£oZ 

> ^ Iu,vim) 



u,ve£oZnC+ 
|w~d|<7^-'"/3 



where 



S, 



2 



xeCu y€Cv 
For each M,f such that \m^'{u) — mp\ < ip and \m^-{y) + rra^| < t/': 

^2 

> y 5^ 5^ [(m(x) - m^)2 + {2mpf + (m(i/) + nipf - 6^/;] 

Since //(/i) = there are at least -^ 1 such pairs (u,w), and we have the 

following lower bound: 

Fc+{m\m) - Fc+{mp\mp) > —[{2m,if - 6^] > ^mj 

for if) < m'i/2. 

Let us now consider e^. In this case, we have at least a block C~ where 
||?Ti^-(2;)| — 772^1 > ip. The main contribution to the free energy in this case 
conies from the local contribution on the blocks C° with x G IqL fl C~ where 
\m{x) — nipl > ip, and/or from the interaction between two blocks C^,Cy, 
x,y E i^L n C~, with magnetization of opposite signs, close to ±m^. Recalling 
that (5_ < 1/2, this last term is due only to the short range interaction, which 
is constant inside each block C~ . We consider a lower bound of the free energy 
by neglecting all other (non-negative) contributions. For this we set: 

A/'o := {x G Cj n£oZ: ||m(a;)| -"I/3I > V'/S} 
A4 := {x e C- n £oZ: \m[x) - ±m^| < ^jl}. 

Let A^o, -^± denote the cardinality of the sets Afo,Af± respectively, and n± := 
N±j^. Hence Nq+N^+N^ ~ IT' ^^^^ trivial to verify that due to our condition 
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n± < ( 1 - ^ 1 , (B.56) 



on m (z) we have 



4 

and we can write (with uq = 1 — n_ — n^) 

F(j-{m\rh) - F(j-{mii\mp) > nQ5-{f{mp + %lj)-f{mp)) + 5l,n-n+{2mp-i)f 

> 5^{\ — n^ — nj^)ci3— + 5'^_n^n^{2mp — ipY 

where cp is a lower bound of the second derivative of the mean field free energy 

/. 

We then can take the minimum of the r.h.s of the above equation, on the set 
{{n^^nj^) : < Ti± < (l — ^) , n_ + n+ < 1}, which gives: 

F(j~{ni\fn) — F(j-{mp\'rnp) > S-dpif)^ 

for a suitable positive constant do. In fact, the function g{x,y) = A{1 — x — 
y) + Bxy with A = 5-Cj^il)'^ and B = (5i(2?Ti^ — tp)"^ has a unique critical point 
in X = y = ^, that, since B <ti A, is out of the domain X + Y < 1. This point 
is a saddle. Evaluating the function on the border of the domain, we get the 
result: g{x, y) > g{0, (1 - ^/4)) = ^((1 - V^/4), 0) = A^ = 5.d^'4j\ U 



C. Proof of equation (|6.40|) 

Lemma C.l. Let ^ d K he an £Q-measurable interval. Then there is a constant 
c and for any rh^c e AioA" there exists an io-measurable function (t>A{x) = 
(l)Aix;m/^c) so that: 

inf FA{m/\\rh/\c) > FA(0A(a^)|"^A=) — cA7ln |A| (C.57) 

where in ( |C.571 ) we ^^(mAl^A':) has been extended to ( — 1, l)-valued profiles 
in the obvious way. 

\(J)a{x; ruAc) -mp\<C e-'=('5)^'^(^'^') (C.58) 

uniformly in rfiAc . 

Proof of Lemma |6'. J|. After remarking (a) and (b) below, the proof is essentially 



that in |[T^ except for the fact that our 7*^°^ is not smooth. The technical details 
to adapt the proof to this case have already been taken care in [^, see Appendix 
D there. 

(a) For any mAc(x), and if F^{mA\TfiAd) denotes the functional Fa calculated 
for A = 0, one has 

FA(mA|mAO > F^{mA\rfiA'^) 

(b) |FA(mA|r7iAc) — -Fa("^a|"^aOI < cA7ln|A|. D 
We now state the following corollary of Lemma |C.1| . 
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Corollary C.2. Let us assume that ri{h) = +1 and let A = C^ . Then the 
infimum of ( |C.57| ) is achieved on a function 0a that satisfies 

|0A(x)-m/3| <e~"^+/^=:e(7) = e 2/dist(a;, A") > £+/3. (C.59) 



D. Proof of ( |08| ) 
Recall that T is the smallest triangle in the configuration T_{o') = {F}. 
Proof. It follows from equation ( p.47| ) and the symmetry of fi3{m) that: 



FT,/\c[raorn) — FT,/::^c{m* o rn) = —7(^0)^ /^ J'y{\x — y\)m{x)m{y), 



xeeoZnT 



and by Lemma DJ^ below we can write: 



FT^A'^im o m) - FT^A'^im* o m) > -^{i_y V^ J^{\u - v\)m^-{u)m^-{v) - 8XK6. 



uei-ZnT 



Under the hypothesis of Lemma |0| , \m {u) + s ■ mpl < -0 for m G T, where 
s = sign(T). On the other hand, 

^ \e{s- 171/3- i},s-mp + ip) if t' e i{T) 

m [v] s , , . 

eM^ if w ^ /(T) 



from which ( |6.48| ) follows easily. D 



Lemma D.l. There exist a constant K so that for every A, B disjoint I 
measurable intervals on Z and every m{-) G A^o,z-' 

{£0? Y. J-yil^ - y\)m{x)m{y) - {i.)' Yl J,{\^^ - vlW' {u)m'- {v) 

X&ACM0I u&Ane-Z 

yeBnio'Z veBnt-Z 

<£_[45„l[rf(A,B)=i]+8Ai^] (D.60) 

Proof. The l.h.s. of ( p.60| ) can be written as 

KM' Y Yl ^Mx,y)m{x)m{y)\ 

uei.znAxeeoZnCu 

where for x G C~,y G C~ , J^{\x — y\) — J^{\u — v\). Direct calculation shows 
that: 

8Xi-.l[\u-v\>l/{2'y)-2i-] 



\A.L^{x,y)\ < 7l[||n-«|-l/(27)|<2f_] + 



In — nP 



from where flU.GOl) follows. D 
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